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We study the dynamics of solutions of infinitely thin needles up to densities deep in the semidilute
regime by Brownian dynamics simulations. For high densities, these solutions become strongly en-
tangled and the motion of a needle is essentially restricted to a one-dimensional sliding in a confining
tube composed of neighboring needles. From the density-dependent behavior of the orientational
and translational diffusion, we extract the long-time transport coefficients and the geometry of the
confining tube. The sliding motion within the tube becomes visible in the non-Gaussian parameter
of the translational motion as an extended plateau at intermediate times and in the intermediate
scattering function as an algebraic decay. This transient dynamic arrest is also corroborated by
the local exponent of the mean-square displacements perpendicular to the needle axis. Moreover,
the probability distribution of the displacements perpendicular to the needle becomes strongly non-
Gaussian, rather it displays an exponential distribution for large displacements. On the other hand,
based on the analysis of higher-order correlations of the orientation we find that the rotational mo-
tion becomes diffusive again for strong confinement. At coarse-grained time and length scales, the
spatiotemporal dynamics of the needle for the high entanglement is captured by a single freely diffus-
ing phantom needle with long-time transport coefficients obtained from the needle in solution. The
time-dependent dynamics of the phantom needle is also assessed analytically in terms of spheroidal
wave functions. The dynamic behavior of the needle in solution is found to be identical to needle
Lorentz systems, where a tracer needle explores a quenched disordered array of other needles.
I. INTRODUCTION
Solutions of rod-shaped particles such as filamentous
actin (f-actin) [1–4], microtubules [5], xanthan [6], fila-
mentous bacteriophage fd [7, 8], and carbon nanotubes [9]
exhibit rich structural and dynamic behavior [10, 11].
Already at the level of a single constituent, the diffusive
motion of such an anisotropic particle is much more com-
plex than a spherical one. While the long axis undergoes
rotational diffusion, translational diffusion is character-
ized by a parallel and a slower perpendicular component
with respect to the current orientation [12–14]. In solu-
tion, rod-shaped particles exhibit different concentration
regimes depending on their length L and their diameter
b [15]. In the dilute regime where the number density n of
particles is very small, nL3  1, the behavior of a single
particle is not affected by its neighbors. The semidilute
regime, nL3 & 1, is characterized by a dynamic response
due to entanglement effects of the particles with each
other and persists as long as the excluded volume of the
individual particles is irrelevant, n 1/bL2.
For large aspect ratios L/b, the rods can be approxi-
mated by infinitely thin needles of length L in the semidi-
lute regime. A remarkable property of such solutions is
their trivial ideal-gas-like static structure in striking con-
trast to their rich dynamic behavior, since no two nee-
dles can cross each other. Deep in the semidilute regime,
these solutions become dynamically crowded and the dy-
namics of a single needle is restricted to a sliding motion
within a tube formed by its neighbors. As a consequence
of this high entanglement, the rotational motion and the
translational diffusion perpendicular to the needle slow
down drastically, whereas the diffusion along the tube is
unaffected. In both theory [15–20] and computer simu-
lations [21–26] the density-dependent scaling behavior of
the long-time rotational and perpendicular translational
diffusion coefficients have been established and scale with
the number density as n−2. Computer simulations for
two-dimensional toy models have also been performed
earlier [27–31] and for a needle in the presence of pointlike
obstacles one observes the same scaling laws of the trans-
port coefficients as in three dimensions [29, 30]. In exper-
iments, the transport coefficients of a nanowire diffusing
through an array of obstacles have been determined only
recently, and the drastic slowing down of transport has
been observed [32].
The seminal tube concept for stiff fibers pioneered by
Doi and Edwards [33] furthermore reduces the complex
many-body dynamics of such solutions on coarse-grained
time and length scales to that of a single needle (phan-
tom needle) with very unusual diffusion coefficients. We
have shown recently [26] that this striking simplification
is valid for the translation-rotation coupling as well as the
intermediate scattering function of the geometric center
of the needle.
Here, we extend our earlier analysis [26] and consider
additional quantities characterizing the dynamics of the
needle in solution such as higher-order orientational cor-
relation functions, mean-square displacements, the non-
Gaussian parameter of the geometric center, and the in-
termediate scattering function for a needle where each
segment contributes to the scattering signal. We also
provide analytic formulas for the mentioned quantities
in terms of the phantom needle. In particular, for the
non-Gaussian parameter in the highly entangled regime,
we observe an extended plateau over many decades in
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2time which emerges due to the sliding motion of the nee-
dle within the confining tube.
II. STOCHASTIC DYNAMICS
A. Single needle
We describe the configuration of a needle by its geo-
metric center r and its unit vector of orientation, u. The
change in position, dr, and orientation, du, of the needle
is determined by the following (overdamped) Langevin
equations in Ito¯ interpretation [34, 35]:
du = −2D0rotudt−
√
2D0rotu× ξdt,
dr =
[√
2D0‖uu +
√
2D0⊥(1− uu)
]
ηdt,
(1)
with rotational diffusion coefficient D0rot and transla-
tional diffusion coefficients for parallel and perpendicular
motion, D0‖ and D0⊥, respectively. The dyadic product
uu acts as a projector onto the long axis u of the needle
and introduces the coupling of translation and rotation.
The stochastic nature of the motion is modeled by the in-
dependent Gaussian white-noise processes ξ and η with
zero mean and covariance 〈ξi(t)ξj(t′)〉 = 〈ηi(t)ηj(t′)〉 =
δijδ(t− t′).
In computer simulations, we use a discrete fixed
Brownian time step τB and implement the Langevin
equations [Eq. (1)] by evolving the needle ballistically in
the time interval ∆t ∈ [0, τB] via the propagation rules:
u(t+ ∆t) = u(t) cos(|ω|∆t) +
(
ω
|ω| × u(t)
)
sin(|ω|∆t),
r(t+ ∆t) = r(t) + v∆t.
(2)
The random pseudovelocities ω and v for rotational and
translational motion, respectively, are determined at the
beginning of every Brownian step according to
ω =
√
2D0rot
τB
(1− uu)N ξ,
v =
[√2D0‖
τB
uu +
√
2D0⊥
τB
(1− uu)
]
N η,
(3)
where the random variables N ξ and N η are drawn from
a normal distribution with zero mean and unit variance.
Both correspond to the Gaussian white-noise processes
ξ and η in the Langevin equations [Eq. (1)]. The three
transport coefficients are not independent and we use the
relations D0rot = 12D0⊥/L2 and D0‖ = 2D0⊥ for a slender
rod derived within hydrodynamics [15].
B. Solution of needles
In the presence of other needles, the needles can no
longer diffuse freely since they are not allowed to cross
each other. To handle these constraints in the simula-
tion, we employ a pseudo-Brownian scheme [36, 37] to
account for the hard-core interaction between the nee-
dles. The detailed steps for the interaction are outlined
in Appendix A. Hydrodynamic interactions are ignored,
since they are expected to become unimportant for high
aspect ratios [38].
In summary, we subsequently move a single needle and
determine possible collisions with other needles during
every Brownian time step of duration τB. Upon colli-
sion, we enforce conservation of energy, momentum, and
angular momentum, and the resulting transfer of mo-
mentum is directed perpendicular to both orientations of
the collision partners (smooth needles). Special care has
been taken that at collisions the flow of energy between
the rotational and translational degrees of freedom of the
moving needle vanishes on average, see Appendix A.
For needle liquids, we use a Brownian time step of
τB = 10−6L2/D0⊥ which is a compromise between choos-
ing very small times to mimic Brownian motion and
choosing larger time steps to reach sufficiently long times.
In the case of the needle Lorentz system, we move a single
tracer needle in a quenched array of other needles with
the same hard-core interaction and use τB = 10−8L2/D0⊥.
In both cases, we consider the same densities ranging
from infinite dilution to systems deep in the semidilute
regime with (reduced) densities over n∗ = nL3 = 103
where n is the number of needles per volume.
A single configuration for the needle liquid in a sim-
ulation box of size 1.5L over 106 Brownian time steps
takes around 225 CPU hours (Intel R©CoreTMi7-4770S @
3.10GHz) for the highest density and we average over
at least ten realizations. For the needle Lorentz system
we use a simulation box of size 25L and simulate over
1010 Brownian time steps which takes around 35 CPU
hours and we average over 103 trajectories for densities
n∗ ≥ 128.
C. Phantom needle
For the needles in solution, the short-time dynamics
is described by the short-time diffusion coefficients D0‖,
D0⊥, and D0rot, and differs from the behavior at long times
which is characterized by new transport coefficients for
translation, D‖ and D⊥, and rotation, Drot. It is in-
structive to compare the dynamics of a needle in solution
to that of a single needle with the emerging long-time
diffusion coefficients as input parameters (phantom nee-
dle). In computer simulations, this can be easily achieved
by evolving the single needle by the Langevin equations
[Eq. (1)] with the new transport coefficients for rotation
and translation.
3
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FIG. 1. Rotational diffusion of the needle characterized by the correlation function 〈u(t) ·u(0)〉 for the orientation u(t) (left),
squared deviation 〈[u(t)−u(0)]2〉 = 2−2〈u(t) ·u(0)〉 in units of the short-time rotational motion 4D0rott (middle), and the local
exponent αrot(t) (right). Symbols correspond to simulation results and solid lines represent the phantom needle with long-time
rotational diffusion coefficient Drot.
An analytic description is obtained by considering the
translationally invariant needle dynamics in space and
time in terms of the propagator G(r,u, t|u0). It de-
scribes the conditional probability for a displacement r
and a change of orientation from u0 to u of the needle in
lag time t. The propagator G ≡ G(r,u, t|u0) obeys the
initial condition G(r,u, t = 0|u0) = δ(r)δ(u,u0) such
that the needle is oriented along u0 initially. The time
evolution of the propagator is then determined by the
Smoluchowski-Perrin equation [15, 39]:
∂tG = DrotR · (RG)
+ ∂r · [D‖(∂rG)−∆D(1− uu)(∂rG)].
(4)
The first term on the right hand side contains the rota-
tional operatorR = u×∂u and accounts for the change of
orientation of the needle in terms of the rotational diffu-
sion coefficient Drot. The second contribution describes
the translational diffusion of the needle and couples the
diffusional anisotropy ∆D = D‖ − D⊥ determined by
the parallelD‖ and the perpendicular diffusion coefficient
D⊥ to the current orientation u(t) via the projector uu.
Analytic progress is achieved by considering the spatial
Fourier transformGk(u, t|u0) =
∫
d3r e−ik·rG(r,u, t|u0),
which fulfills the following equation:
∂tGk = DrotR · (RGk)
− {k2D‖ −∆D[k2 − (k · u)2]}Gk,
(5)
with wave vector k and magnitude k = |k|. We choose
a representation in spherical coordinates with polar an-
gle θ and azimuthal angle ϕ and fix the wave vec-
tor k = kez along the z-direction and we abbreviate
z = k · u/k = cos(θ). Then, the product R · R of the
rotational operators reduces to the angular momentum
operator R2z,ϕ = ∂z[(1 − z2)∂z] + (1− z2)−1∂2ϕ and we
obtain
∂tGk = DrotR2z,ϕGk − k2[D‖ −∆D(1− z2)]Gk. (6)
This partial differential equation is solved by a separa-
tion of variables and the full solution [40] is obtained as
an expansion in terms of spheroidal wave functions Psmn
of degree n and order m:
Gk(z, ϕ, t|z0, ϕ0) =
∞∑
m=−∞
∞∑
n=m
2n+ 1
4pi
(n−m)!
(n+m)!×
× Psmn (z, γ2)Psmn (z0, γ2)eim(ϕ−ϕ0)e−Γ
m
n t,
(7)
with real parameter γ2 := k2∆D/Drot ≥ 0 and char-
acteristic decay constants Γmn ≡ Γmn (γ2) ≥ 0. The exact
relations for both parameters are determined as solutions
of the spheroidal wave equation [41, 42]
∂z[(1− z2)∂zPsmn ]
+
[
λmn (γ2) + γ2(1− z2)−
m2
1− z2
]
Psmn = 0,
(8)
with spheroidal eigenvalue λmn ≡ λmn (γ2). The decay
constants are related to the spheroidal eigenvalue via
Γmn = D‖k2 +Drotλmn .
The propagator Gk [Eq. (7)] contains the full informa-
tion about the dynamics of the phantom needle and can
be used to obtain explicit expressions for the quantities
of interest.
4III. TRANSPORT BEHAVIOR
A. Rotational diffusion
We first consider the effect of the dynamic crowding
on the time-dependent orientation u(t). A simple quan-
tity which encodes the topological constraints imposed by
the neighboring needles is given by the time-dependent
orientational correlation function 〈u(t) ·u(0)〉. The angle
brackets denote an ensemble average over all moving nee-
dles and configurations and the initial orientation u(0) is
uniformly distributed over the sphere.
In the absence of other needles, the correlation func-
tion decays exponentially, 〈u(t) · u(0)〉 = exp(−2D0rott),
and the time scale for the decay is determined by the
rotational diffusion coefficient D0rot [15] [Fig. 1]. With
increasing needle density n∗, the initial orientation u(0)
persists for longer times since the needle can no longer
rotate freely due to the topological constraints imposed
by its neighbors. The time-dependent long-time relax-
ation of the correlation function is again captured by an
exponential decay 〈u(t) · u(0)〉 = exp(−2Drott) and the
time scale for the decay encodes the long-time rotational
diffusion coefficient Drot. Deviations from the rotational
motion of the phantom needle are present at intermediate
times where the needle explores its close environment and
they become visible for small densities where the concept
of a confining tube is not fully applicable.
The time-dependent behavior preceding the exponen-
tial decay at long times in the correlation function
〈u(t) · u(0)〉 can be analyzed more closely by the di-
rectly related quantity of the squared distance of the
time-dependent orientation u(t) and the initial one u(0):
〈[u(t)−u(0)]2〉 = 2−2〈u(t) ·u(0)〉. For a freely diffusing
needle, the change in orientation is described by ordi-
nary diffusion in two dimensions with diffusion constant
D0rot as long as the needle has not rotated significantly
(t 1/D0rot):
〈[u(t)− u(0)]2〉 = 4D0rott+O(D0rott)2. (9)
The drastic slowing down of rotational diffusion with
increasing density of neighboring needles is exemplified
by considering the squared distance of orientations in
units of the short-time diffusion of the freely diffus-
ing needle [Fig. 1]. For times t . 1/D0rot the rota-
tional motion becomes strongly suppressed for high nee-
dle densities and approaches an intermediate plateau
at times t & 1/D0rot where the squared distance in-
creases linearly with long-time rotational diffusion coef-
ficient Drot. This plateau with the following crossover
to the exponential decay of the correlation function of-
fers a direct way to determine Drot since it separates
the short-time behavior, where the needle explores its
environment, from the emerging stochastic motion of
the phantom needle at long times. The extracted long-
time rotational diffusion coefficient follows the scaling law
Drot ∼ (n∗)−2 [Fig. 2] where we normalized the density
FIG. 2. Top: Longtime diffusion coefficients for rotation,
Drot, and perpendicular diffusion D⊥ as a function of the
normalized density n∗/n∗c,β with respect to the rotational
(β = rot) and translational motion (β =⊥) for needle liquids
as well as needle Lorentz systems. The solid line corresponds
to the theoretical prediction [Eq. (17)]. Inset (top): Distri-
bution of the geometric centers of the needle for densities
n∗ = 128 (blue), 256 (yellow), 512 (red), and 1024 (black)
up to times L2/2D0⊥. The initial position and orientation
of the needle are indicated by the white needle in the cen-
ter. For increasing density, the motion of the needle becomes
more and more directed along the initial orientation as an-
ticipated by the tube theory. Bottom: Tilt angle  and tube
diameter d with respect to the normalized density. The solid
line represents the theoretical prediction for the localization
length [Eq. (19)]. Figure is adjusted from Ref. [26].
by the inverse of the respective prefactor n∗c,rot ≈ 53 and
n∗c,rot ≈ 30 for needle liquids and needle Lorentz systems,
respectively. The scaling behavior has been predicted by
theory [16, 19] and also confirmed by earlier computer
simulations [21, 23, 24].
The needle explores its close environment in the time
window t . 1/D0rot, which contains information about
the geometry of the confining tube. We measure the sup-
pression of the rotational diffusion by the local exponent
αrot(t) =
d ln(〈[u(t)− u(0)]2〉)
d ln(t) = −t
d〈u(t) · u(0)〉/dt
1− 〈u(t) · u(0)〉 .
(10)
With increasing density, αrot(t) becomes more and more
suppressed at intermediate times and we expect a tran-
5FIG. 3. Time-dependent higher-order orientational correlation functions 〈P`
(
u(t) · u(0)
)
〉 for ` = 2 (left) and ` = 3 (right) at
different densities n∗ for needle liquids as well as needle Lorentz systems. Density increases from left to right. Symbols represent
results from computer simulations and solid lines represent the analytic solution exp[−`(`+1)Drott] of a freely diffusing phantom
needle with long-time rotational diffusion coefficient Drot.
sient dynamic arrest of the rotational motion by going be-
yond the densities considered here [Fig. 1]. The time scale
for the onset of the relaxation of the arrest is set by the
density-independent time for the needle to diffuse along
its long axis L2/D0‖, leading to a collapse of the data.
For long times, the squared deviation of the orientations
on the sphere saturates limt→∞〈[u(t)− u(0)]2〉 = 2 irre-
spective of the density, resulting in an apparent common
intersection point and a vanishing of the local exponent
αrot(t→∞) = 0.
In principle, the tilt angle  of the needle should be-
come manifest as a plateau of order 2 in the deviations
of the orientational correlation function from its initial
value at intermediate times: 1−〈u(t) ·u(0)〉 = 1−cos().
However, since the plateau is not very well pronounced
we use a more robust determination in terms of the
previously defined local exponent for the rotational mo-
tion [Eq. (10)]. Here, we define the tilt angle  via the
orientational correlation function 〈u(τ) · u(0)〉 = cos()
at time τ, at which the local exponent α⊥ becomes min-
imal [Fig. 1]. In our data such a minimum in the local
exponent αrot emerges for times t < 1/D0rot and for den-
sities n∗ ≥ 64 and becomes more and more pronounced
for increasing density. For the tilt angle of the needle
in the confining tube, we also recover the predicted scal-
ing behavior  ∼ (n∗)−1 [15] (Fig. 2 reproduced from
Ref. [26]).
With the extracted long-time rotational diffusion co-
efficient Drot, we can directly compare the dynamics in
needle liquids and needle Lorentz systems to the dynam-
ics of a phantom needle in terms of higher-order orienta-
tional correlation functions〈
P`
(
u(t) · u(0))〉 = exp[−`(`+ 1)Drott]. (11)
where P`(·) denotes the Legendre polynomial of degree
` [15]. From the full solution of the propagator Gk
[Eq. (7)], the preceding relation [Eq. (11)] can be de-
rived in the following way: For the rotation, we are not
interested in the spatial dynamics and we set k = 0
in the expression for the propagator of the phantom
needle G0 ≡ Gk=0 [Eq. (7)]. Then, the real parame-
ter γ2 := k2∆D/Drot vanishes and the spheroidal wave
functions reduce to the associated Legendre polynomials
Psmn (z, 0) = Pmn (z) with eigenvalue λmn (0) = n(n+1). We
express the summands in spherical harmonics Ynm(·) and
obtain with the addition theorem (2n + 1)Pn(u · u0) =
4pi
∑n
m=−n Ynm(u0)Y ∗nm(u) the propagator for the rota-
tional dynamics [19]:
G0(u, t|u0) =
∞∑
n=0
2n+ 1
4pi e
−n(n+1)DrottPn(u · u0). (12)
The correlation functions [Eq. (11)] then follow by aver-
aging over all initial orientations and integrating over all
6FIG. 4. Perpendicular translational diffusion measured in a coordinate frame fixed to the needle characterized by the mean-
square displacement MSD⊥(t) (left), the diffusion coefficient D⊥(t) (middle), and the local exponent α⊥(t) (right). Density
increases from top to bottom. Symbols correspond to simulation results.
final orientations:
〈P`
(
u(t) · u(0))〉 = ∫ d2u∫ d2u04pi P`(u · u0)G0(u, t|u0).
(13)
The measured correlation functions of orders two and
three show stronger deviations at smaller densities than
the first-order orientational correlation function [Fig. 3].
However, for high entanglement, the dynamics of the
phantom needle and the needle liquid and needle Lorentz
systems are indistinguishable. Thus, on coarse-grained
time scales and for the strong entanglement the pure ori-
entational motion is described by simple diffusion on a
sphere.
B. Translational diffusion
We first discuss the translational dynamics in a coor-
dinate frame comoving with the needle. The coordinate
frame is defined by three orthonormal basis vectors: one
aligned parallel to the long axis, u(t), and two perpen-
dicular directions denoted by u1(t) and u2(t). The time
evolution of u(t) is described in Eq. (2), whereas the per-
pendicular directions follow by rotating
ui(t+ ∆t) =ui(t) cos(|ω|∆t) +
(
ω
|ω| × ui(t)
)
sin(|ω|∆t)
+ ω|ω|
(
ω
|ω| · ui(t)
)
[1− cos(|ω|∆t)].
(14)
Then, the parallel and perpendicular displacements in
the comoving frame with respect to the displacement
of the geometric center are obtained by ∆r‖(t) =∫ t
0 dt
′ v(t′) · u(t′) and ∆ri(t) =
∫ t
0 dt
′ v(t′) · ui(t′), re-
spectively.
Since we consider infinitely thin smooth needles, the
collisions do not influence the parallel motion and the
mean-square displacement parallel to the long axis,
MSD‖(t) = 〈∆r2‖(t)〉, is unaffected by the dynamic
crowding and it is diffusive at all times with long-time
diffusion coefficient D‖ = D0‖:
MSD‖(t) = 2D0‖t. (15)
The mean-square displacement perpendicular to the long
axis, MSD⊥(t) = 〈∆r21(t)〉 + 〈∆r22(t)〉, shows a strong
suppression with increasing density at intermediate times
due to the caging by neighboring needles with a crossover
to ordinary diffusion for long times [Fig. 4]. We define
the time-dependent diffusion coefficient perpendicular to
the needle by the derivative
D⊥(t) =
1
4
d
dtMSD⊥(t). (16)
Then, the regime of ordinary diffusion at long times
is reflected by a plateau, which encodes the perpen-
dicular long-time diffusion coefficient D⊥ := D⊥(t →
∞) [Fig. 4]. The extracted diffusion coefficient D⊥ ex-
hibits the same scaling behavior [Fig. 2] as the rota-
tional long-time diffusion coefficient, D⊥ ∼ (n∗)−2, and
the scaling behavior also confirms the theoretical predic-
tions [18, 20, 43]. For the normalization of the density we
used the square root of the prefactor of the scaling be-
havior, which reads n∗c,⊥ ≈ 37 and n∗c,⊥ ≈ 15 for needle
liquids and needle Lorentz systems, respectively. The
7FIG. 5. Time-dependent diffusion coefficient of the geometric center D(t) (left), the local exponent α(t) (middle), and
non-Gaussian parameter NGP(t) (right) at different densities for needle liquids as well as needle Lorentz systems. Symbols
correspond to simulation results and lines represent the behavior of the phantom needle.
density-dependent behavior of the diffusion coefficient
D⊥ is captured by a theoretical prediction for solutions
of nonrotating infinitely thin needles [20, 43] where the
suppression of the diffusion coefficient can be expressed
in terms a self-consistent equation of the form
D⊥/D0⊥ =
1
1 + (D0⊥/2D⊥)1/2n∗λ⊥(D⊥/2D0⊥)
, (17)
where λ⊥(·) denotes a complicated monotonic function
and we used D0‖ = 2D0⊥. An explicit expression of λ⊥(·)
is given in Eq. (A16) of Ref. [43]. For strong suppression,
the asymptotic behavior of the self-consistent equation
[Eq. (17)] is obtained as D⊥/D0⊥ ∼ 36pi(n∗)−2, which
defines the normalization n∗c,⊥ = 6
√
pi for comparison
with our simulation results.
Information about the geometry of the confining tube
is contained in the time-dependent suppression of the
perpendicular mean-square displacement MSD⊥(t) and
can be extracted by considering the local exponent
α⊥(t) =
d ln(MSD⊥(t))
d ln(t) =
2D⊥(t)t
MSD⊥(t)
, (18)
similar to the tilt angle for the rotational mo-
tion [Eq. (10)]. With increasing density, the local ex-
ponent becomes more and more suppressed at interme-
diate times and nearly vanishes for the highest density
considered in the Lorentz system. Similar to the local
exponent for the rotation αrot(t) [Eq. (10)], we expect a
transient dynamic arrest at intermediate times by further
increasing the density. The time scale for the increase of
the local exponent is again set by the time scale for the
parallel diffusion leading to a collapse of the data for
high entanglement. We use the time τ⊥ corresponding to
the minimum in α⊥(t) to define the tube diameter d via
MSD⊥(τ⊥) = d2, which exhibits the predicted scaling,
d ∼ (n∗)−1 [20, 44, 45] [Fig. 2]. We also compare the tube
diameter d obtained from our simulations to a theoreti-
cal prediction of the tube localization length for nonro-
tating infinitely thin needles. Just recently, the density-
dependent behavior of the tube-localization length rloc
has been extended to all densities [44, 45] and is given by
the self-consistent equation
L2
r2loc
= pin
∗
4
√
2
L2
r2loc
λloc(L/rloc), (19)
for nonrotating needles performing only perpendicu-
lar diffusion. The function λloc(x) = [x − I1(2x) +
L1(2x)]/2x2 is defined in terms of the first modified
Bessel function I1(·) and the first modified Struve func-
tion L1(·). For very small localization lengths rloc/L 
1, the self-consistent equation reduces to the previously
known scaling behavior rloc/L ∼ 8
√
2/pin∗ [20, 43].
The predicted tube-localization length with normaliza-
tion n∗c,⊥ = 6
√
pi nicely captures the range of tube di-
ameters d for needle liquids and needle Lorentz sys-
tems [Fig. 2]. Interestingly, the prediction coincides with
our result of the tube diameter for the needle Lorentz
system.
The next interesting quantity for the translational dif-
fusion of the needle is given by the mean-square dis-
placement of the geometric center in the laboratory fixed
frame, MSD(t) = 〈|∆r(t)|2〉. We discuss the time de-
pendence of the mean-square displacement via the time-
8FIG. 6. Left: Non-Gaussian parameter in the comoving frame along a direction perpendicular to the needle axis for needle liquids
as well as needle Lorentz systems. Right: Probability distribution G(∆x, t) of the displacements ∆x at time t = 10−4L2/D0⊥
along one direction perpendicular to the needle axis measured in the comoving frame. Symbols correspond to computer
simulations. The displacement ∆x is normalized by the standard deviation σ of the respective distribution G(∆x, t). The solid
line represents the Gaussian behavior, and the dashed lined indicates an exponential decay for large displacements.
dependent diffusion coefficient [Fig. 5]
D(t) = 16
d
dtMSD(t). (20)
For short times, the diffusion coefficient is determined
by the short-time diffusion coefficients for translation:
D(t → 0) = (D0‖ + 2D0⊥)/3. In the presence of
other needles, the diffusion coefficient decreases over time
due to the suppression of the perpendicular needle mo-
tion [Fig. 5]. For strong entanglement, the contributions
from translational diffusion perpendicular to the needle
vanish in comparison to the parallel one, and the long-
time diffusion coefficient D := D(t→∞) approaches its
limiting value D‖/3. On coarse-grained time scales, the
phantom needle again captures the dynamics.
The translational dynamics of the geometric center can
also be discussed in terms of the local exponent
α(t) = d ln(MSD(t))d ln(t) =
2D(t)t
MSD(t) . (21)
For increasing density, the crossover regime shifts to ear-
lier times [Fig. 5] as anticipated from the diffusion coeffi-
cientD(t). The local exponent exhibits a lower bound for
the considered densities and by scaling the time with the
squared density, the data collapse for densities n∗ & 256.
Since the parallel diffusion of the needle is unaffected by
neighboring needles, the time-dependent behavior of the
local exponent α(t) is quite different from that found in
models of porous media [46–48] and glass- forming sys-
tems [49–51], which exhibit anomalous diffusion and a
localization transition.
Deviations from ordinary diffusion are quantified by
the non-Gaussian parameter defined via [52, 53]
NGP(t) = 35
MQD(t)
MSD(t)2 − 1, (22)
with mean-quartic displacement MQD(t) = 〈|∆r(t)|4〉 of
the geometric needle center. For the phantom needle it
follows via a time-dependent perturbation theory with
Eq. (6) [54] (for a derivation in terms of spheroidal wave
functions see Ref. [55] and Appendix B):
MQD(t) = 60D2t2 + 8(∆D)
2
27D2rot
[6Drott− 1 + e−6Drott].
(23)
Thus, for the non-Gaussian parameter of the phantom
9needle, it follows that
NGP(t) = 845
(
∆D/D
6Drott
)2
[6Drott− 1 + e−6Drott]. (24)
In particular, NGP(t) is nonvanishing for anisotropic
diffusion and it approaches zero only algebraically
NGP(t) = O(t−1) as anticipated by the central limit the-
orem.
In the presence of other needles the short-time non-
Gaussian parameter is determined by the short-time dif-
fusion coefficients and is given by NGP(t → 0) = 1/20
for a slender rod. With increasing density of needles,
the rotational and the translational diffusion coefficient
perpendicular to the needle axis become more and more
suppressed. In particular, the perpendicular diffusion co-
efficient becomes negligible in comparison to the parallel
one which is not affected by the disorder. Thus, for the
phantom needle, the diffusional anisotropy ∆D and dif-
fusion coefficient D are purely determined by the paral-
lel diffusion coefficient with ∆D = D‖ and D = D‖/3.
In this case and for times where the rotational motion
is small, the non-Gaussian parameter [Eq. (24)] of the
phantom needle reduces to
NGP(t) = 45 [1− 2Drott+O(Drott)
2], (25)
and the purely translational motion parallel to the long
axis of the phantom needle emerges as a plateau 4/5
as long as the phantom needle has not rotated signifi-
cantly. This plateau is observed in our data for the high-
est densities considered for the needle in solution [Fig. 5].
There, the needle probes its confining tube of diameter d
at time scale d2/D0⊥ ∼ 1/(n∗)2, whereas the long-time
rotational relaxation becomes relevant only for times
1/Drot ∼ (n∗)2. Again, we find that the phantom needle
captures the time-dependent behavior at high densities
and on coarse-grained time scales, once the needle has
explored its initial tube and rotates with long-time diffu-
sion coefficient Drot.
The contributions to the NGP(t) discussed above arise
essentially from the anisotropy of the diffusion, masking
actual non-Gaussian behavior in the individual Cartesian
components. Since the needle can freely diffuse along its
long axis irrespective of the density of neighboring nee-
dles, the non-Gaussian parameter of ∆r‖(t), measured
in the comoving frame along the needle axis vanishes.
This is in striking contrast to the motion perpendicular
to the needle axis which exhibits strong deviations from
ordinary diffusion as indicated by the non-Gaussian pa-
rameter NGP⊥,1(t) of the displacement ∆x ≡ ∆r1 of the
needle perpendicular to its long axis along one direction
in the comoving frame [Fig. 6 (left)]. Here, we further
investigate this scenario in terms of the probability dis-
tributionG(∆x, t) of the displacements ∆x ≡ ∆r1, which
we evaluate at time t = 10−4L2/D0⊥ to minimize the in-
fluence of the parallel motion of the needle as indicated
by the local exponent α⊥(t) [Fig. 4 (right)]. Hence, the
needle only probes the confining tube due to the neigh-
boring needles.
The probability distribution G(∆x, t) develops signif-
icant deviations from a Gaussian with increasing den-
sity of the needles [Fig. 6 (right)]. In particular for the
needle Lorentz system and for large displacements, the
distribution G(∆x, t) approaches an exponential, which
may be interpreted as a constant effective restoring force
f = −kBTd ln[G(∆x, t)]/d(∆x) on the needle due to the
confining tube. This scenario has been anticipated theo-
retically just recently for solutions of infinitely thin nee-
dles where the full tube confinement potential has been
constructed for the first time [45]. The tube confine-
ment potential exhibits a strongly anharmonic charac-
ter and thus a distribution of tube diameters or trans-
verse localization lengths on intermediate scales. Exper-
imentally, this scenario has also been observed for entan-
gled solutions of semiflexible polymers where the tube
width distribution is not harmonic due to the existence of
stretched tails and a displacement-independent effective
restoring force [56, 57]. While these anharmonic displace-
ments are also observed for needle liquids, they are much
less pronounced in comparison to needle Lorentz systems
due to the existence of constraint release processes.
Such exponential distributions of the displacement are
also found in glassy materials [58]. However, we have to
stress that both situations are different since the needle
can always diffuse along its long axis irrespective of the
density and is only confined perpendicular to its long
axis.
C. Intermediate scattering function of the needle
Information about the spatiotemporal dynamics of the
needle center is encoded in the intermediate scattering
function
F (k, t) = 〈e−ik·∆r(t)〉 =
∫
d2u
∫ d2u0
4pi Gk(u, t|u0), (26)
with wave vector k and wave number k = |k|. Both
integrals extend over all possible initial and final orien-
tations. We have discussed the intermediate scattering
function F (k, t) recently for needle liquids as well as nee-
dle Lorentz systems and rationalized the results in terms
of the phantom needle [26].
Here, we consider the intermediate scattering function
in the case that all segments of the needle contribute
to the scattering. For the two-dimensional analog where
the needle moves in a planar array of point obstacles, the
intermediate scattering function for the geometric center
and the entire needle has been evaluated earlier and also
compared to the phantom needle [30, 59].
We introduce the fluctuating density of the needle
ρrod(k, t) =
1
L
∫ L/2
−L/2
ds exp(ik · [r(t) + su(t)]), (27)
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FIG. 7. Comparison of the intermediate scattering function of the center of mass, F (k, t) (left), and of the whole needle,
Frod(k, t) (right), of the phantom needle with transport coefficients from the needle Lorentz systems. Solid lines represent to
the analytic solution and symbols correspond to simulation results of the phantom needle. The colored dashed lines represent
the approximative solutions [Eqs. (35) and (36)] and the black dashed lines corresponds to the algebraic decay ∼ t−1/2 emerging
from the sliding motion in the confining tube. The left panels are reproduced from Ref. [26].
where the integral extends over all segments s of the nee-
dle. The corresponding intermediate scattering function
is obtained via
Frod(k, t) = 〈ρrod(k, t)∗ρrod(k, 0)〉, (28)
where the angle brackets denote the same average as in
the case of the intermediate scattering function of the
needle center [Eq. (26)] and ∗ is the complex conjugate.
Thus, the quantity of interest is
Frod(k, t) =
1
L2
∫
ds
∫
ds0 〈e−ik·∆r(t)e−ik·[su(t)−s0u(0)]〉
= 1
L2
∫
ds
∫
ds0
∫
d2u
∫ d2u0
4pi e
−ik·[su−s0u0]Gk(u, t|u0).
(29)
We follow the solution strategy in Ref. [40] and express
the exponentials containing the segment of the needle in
terms of the Rayleigh expansion,
eiksz =
∞∑
l=0
(2l + 1)iljl(ks)Pl(z), (30)
with spherical Bessel function jl(·) and Legendre poly-
nomial Pl(·). Then, one can perform the average over
all initial orientations u0 and integrate over all final ori-
entations u with respect to the propagator Gk [Eq. (7)].
Since the intermediate scattering function Frod(k, t) is
isotropic, only spheroidal wave functions of order m = 0
and even degree n contribute and we expand the remain-
ing spheroidal wave functions in Legendre polynomials
via
Ps0n(z, γ2) =
∞∑
k=−bn/2c
(−1)ka0n,k(γ2)Pn+2k(z). (31)
Then, we obtain an expression suitable for numerical
evaluation:
Frod(k, t) =
∞∑
n=0
n even
(2n+ 1)A2ne−Γ
0
nt. (32)
The coefficients
An =
∞∑
l=0
l even
(
a0n,−(n−l)/2
) 1
L
∫ L/2
−L/2
ds jl(ks) (33)
contain higher-order expansion coefficients a0n,−(n−l)/2 of
the spheroidal wave functions [Eq. (31)] which can be
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FIG. 8. Intermediate scattering function of the whole rod Frod(k, t) at different densities n∗ for needle liquids as well as needle
Lorentz systems. Symbols correspond to simulation results and solid lines represent the analytic solution [Eq. (32)] for the
phantom needle. The black dashed lines corresponds to the algebraic decay ∼ t−1/2 emerging from the sliding motion in the
confining tube. Wave number k increases from top to bottom.
evaluated numerically [60, 61]. Moreover, only even or-
ders l have to be considered due to the symmetry prop-
erty jl(−ks) = (−1)ljl(ks) of the spherical Bessel func-
tions.
In computer simulations, we evaluate the intermediate
scattering function via the formula
Frod(k, t) =
〈
e−ik·∆r(t)fk
(
u(t)
)
fk
(
u(0)
)〉
, (34)
with the form factor fk(u) = sin(k · uL/2)/(k · uL/2).
The preceding equation is obtained after performing the
integration over all segments in Eq. (29). The presence of
the form factor in Frod(k, t) suggests that the scattering
signal decorrelates faster than in F (k, t) by the rotation
of the needle.
First, we discuss both intermediate scattering func-
tions F (k, t) and Frod(k, t) for the phantom needle with
transport coefficients obtained from the needle Lorentz
system at densities n∗ = 128 and n∗ = 1024 [Fig. 7].
The full analytic solution for Frod(k, t) is corroborated
by the simulation results for the phantom needle for all
wave numbers and all times considered.
For small wave number kL . 1, both F (k, t) and
Frod(k, t) show similar time-dependent behavior since the
dynamics is dominated by the diffusion of the geometric
center of the needle [Fig. 7]. For increasing wave num-
ber, differences become apparent already at small times,
since the intermediate scattering function of the geomet-
ric center is normalized, F (k, 0) = 1, while the scattering
function of the entire needle exhibits a static structure,
i.e., a wave-number dependent initial value, Frod(k, 0) =∫ 1
−1 dz j0(kLz/2)
2/2 = 1− (kL)2/36 +O(kL)4.
At intermediate times, both scattering functions dis-
play a characteristic algebraic decay of the form ∼ t−1/2,
which is a fingerprint of the sliding motion of the nee-
dle [33]. In particular, the intermediate scattering func-
tion for the geometric center, F (k, t), can be evaluated in
closed form for times Drotγ2t & 1 and for wave numbers
fulfilling γ2 = k2∆D/Drot  1 in the highly entangled
regime Drot → 0 to [26]
F (k, t) = e−k
2D⊥t
√
pi
γ
1√
2 sinh(2Drotγt)
. (35)
The algebraic decay is observed for times Drotγt  1
with F (k, t) = 1/
√
4k2∆Dt/pi until the terminal relax-
ation F (k, t) =
√
(pi/γ) exp[−(k2D⊥ + Drotγ)t] deter-
mines the time-dependent behavior for times Drotγt 1
[Fig. 7].
With the full solution of Frod(k, t) [Eq. (32)] we can
assess the validity of the approximate solution derived
12
by Doi and Edwards for the highly entangled regime:
Frod(k, t) = e−k
2D⊥t
∫ 1
−1
dz j0(kLz/2)
2e−γz
2τ−√
2 sinh(2Drotγt)τ+
, (36)
with τ± = [cosh(2Drotγt)±1]/ sinh(2Drotγt). In essence,
the propagator Gk [Eq. (6)] is approximated by that of
a harmonic oscillator and the resulting average for the
intermediate scattering function is evaluated for a needle
which does not rotate significantly. As can be inferred
from the comparison with the full solution [Fig. 7] the
approximate solution is accurate for intermediate wave
numbers, whereas deviations are present for small and
high wave numbers. In particular, for high wave numbers
the terminal relaxation is governed by a different prefac-
tor of
√
(γ/4pi)[
∫ 1
−1 dz j0(kLz/2) exp(−γz2/2)]2 not cap-
tured by the approximation [Eq. (36)].
In the presence of other needles [Fig. 8], the validity
of the description of the dynamics in terms of the phan-
tom needle depends on the density and the wave number
under consideration. At density n∗ = 128, which marks
the onset of the scaling behavior of the transport coef-
ficients, the confining tube is only partially present and
deviations become apparent already for wave numbers
kL & 10. Increasing the density by a factor of eight to
n∗ = 1024, the phantom needle captures the dynamics at
much smaller length scales until the dynamics within the
tube is resolved for the largest wave numbers considered.
For the needle Lorentz system at density n∗ = 1024, we
also observe the characteristic algebraic decay ∼ t−1/2
in a small time window for the smallest wave numbers
considered.
IV. SUMMARY AND CONCLUSION
We have investigated the dynamics of solutions of in-
finitely thin needles for densities deep in the semidilute
regime. The needles perform rotational and translational
Brownian motion and are not allowed to cross each other.
From the time dependence of the rotational and trans-
lational diffusion, we have extracted the long-time diffu-
sion coefficients and the geometry of the confining tube
emerging for the high entanglement due to neighboring
needles. The transport coefficients as well as the tilt an-
gle and the tube diameter exhibit the predicted density-
dependent scaling behavior obtained from theory and are
observed in our simulation over one order of magnitude
in the density.
Due to the strong suppression of the rotational and
perpendicular translational diffusion coefficients, the
mean-square displacement of the geometric center on
coarse-grained time scales for the strong entanglement
is purely determined by the diffusion coefficient for the
motion parallel to the long axis. For the non-Gaussian
parameter, we observe the pure sliding motion in the con-
fining tube as an intermediate plateau over many decades
in time.
An analytic expression for the intermediate scattering
function of the entire needle has been derived and eval-
uated numerically. In comparison to the intermediate
scattering function of the geometric center, the character-
istic algebraic decay corresponding to the sliding within
the tube is much less pronounced and only observed in a
small time window and for the smallest wave numbers in
the high entanglement.
On coarse-grained time and length scales, the phantom
needle with long-time translational and rotational diffu-
sion coefficients as input parameters captures the dynam-
ics of the needles in solution for all the considered quan-
tities as anticipated from the tube model of Doi and Ed-
wards. We also performed simulations on needle Lorentz
systems where a single tracer needle performs Brownian
motion in a quenched array of other needles. The dynam-
ics in needle Lorentz systems is identical to the dynamics
in needle liquids and the dynamic rearrangement due to
motion of the other needles only admits a change in the
absolute values of the long-time diffusion coefficients.
Here, we have considered the transport properties of
monodisperse solutions of needles. It would be interest-
ing to go beyond this model and consider the diffusion of
a tracer needle of length Lt in a solution (matrix) of nee-
dles of a different length Ls. For needles which perform
translational motion only, the scaling behavior of the per-
pendicular translational diffusion coefficient of the tracer
has been elaborated theoretically [43] and a different be-
havior of D⊥ ∼ (n∗)−1 is predicted if the needles of the
matrix are much shorter than the tracer needle, Ls  Lt.
In the opposite case Lt  Ls, where the matrix evolves
much slower than the tracer needle which is reminiscent
of a needle Lorentz system, one theoretically recovers the
scaling behavior D⊥ ∼ (n∗)−2. Although both cases are
computationally more demanding since the averages are
performed for the tracer needle only, it should in prin-
ciple be possible to assess these predictions in our simu-
lation. Moreover, one can consider the dynamics also in
the presence of additional spherical particles which affect
the diffusion of the needle parallel to their long axis [62].
In the case of hard rods of finite diameter b [22, 23, 63]
the semidilute regime extends up to densities of n 
1/bL2 where the excluded volume becomes relevant and
influences the dynamics. As long as the diameter of the
rod is much smaller than its length b  L, the scal-
ing behavior of the rotational diffusion coefficient in the
semidilute regime is still governed by the same scaling
law [16, 22, 23]. For the additional quantities consid-
ered here, one anticipates that the phantom needle still
captures the dynamics of such very elongated hard rod
solutions on coarse-grained time and length scales.
One may also relax the requirement of stiff fibers and
consider the dynamics in the case of semiflexible poly-
mers [64–67]. While the tube concept still provides the
key insight into the dynamics of such solutions in the
highly entangled regime [68, 69], the tube displays addi-
tional tube-width fluctuations [56, 57, 70] and the tube
renewal becomes more complex which directly affects the
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behavior of the transport coefficients. However, tube-
width fluctuations are not only important for semiflexi-
ble polymers, but also appear to be a relevant concept for
needle solutions as has been shown just recently [45, 71].
Our simulations of needle Lorentz systems and nee-
dle liquids deep in the semidilute regime heavily rely on
the use of a geometry-adapted neighbor list which sig-
nificantly reduces the computational time for the colli-
sion detection. Such neighbor lists have been considered
before for nonspherical particles [72] and the obtained
speedup for the simulation should at least in part be
transferable to simulations of hard semiflexible polymers.
Appendix A: Simulation of the hard-core interaction
between needles
We employ a pseudo-Brownian scheme to describe the
hard-core interaction between the needles [36, 37]. The
scheme builds on an event-based algorithm to propagate
the needle within one Brownian time step. It extends a
collision detection algorithm developed earlier for a nee-
dle moving in a two-dimensional array of point obsta-
cles [73]. We always move only a single needle at a time
such that the formulas simplify. For the general case, we
refer to Ref. [74].
During a Brownian time step ∆t ∈ [0, τB], the nee-
dle rotates in a plane perpendicular to the rotational
pseudovelocity ω, and the geometric center r(t + ∆t) =
r(t) + v∆t located in the rotational plane moves with
pseudotranslational velocity v. A collision candidate nee-
dle of the same length L with position rc and orientation
uc intersects the rotational plane of the moving needle
for times for which the following inequality holds:
|ω ·∆rc(t+ ∆t)| ≤ L2 |ω · uc|, (A1)
where we defined the distance ∆rc(t+∆t) = r(t+∆t)−rc
of the geometric needle centers.
In addition to that, the intersection point rI(t + ∆t)
of the collision candidate needle with the rotational
plane has to traverse the rotational disk of radius L/2
of the moving needle. Defining the distance vector
∆rpl(t+ ∆t) = r(t + ∆t) − rI(t + ∆t) of the geometric
center of the moving needle with the intersection point
in the rotational plane, the relevant time interval is de-
termined by the inequality
[∆rpl(t+ ∆t)]2 ≤
(L
2
)2
. (A2)
Both of the preceding conditions [Eqs. (A1) and (A2)]
define a smaller time interval [τl, τu] ⊂ [0, τB], which has
to be nonempty for a possible collision of both needles. A
necessary condition for a collision at times ∆t ∈ [τl, τu] is
that the distance vector ∆rpl(t+∆t) and the orientation
u(t+ ∆t) of the moving needle become parallel:
ω · [∆rpl(t+ ∆t)× u(t+ ∆t)] = 0. (A3)
The scalar product with the pseudorotational velocity ω
is used both to obtain a one-dimensional equation and
to enforce a change of sign at the root. In order to de-
termine the collision time and also if a collision even oc-
curs, we use an interval Newton method [28, 73, 75] on
the time interval [τl, τu]. In order not to miss collisions,
a correctly rounded math library [76] has to be used for
the transcendental functions in the change of orientation,
u(t + ∆t) [Eq. (2)]. This procedure yields the point in
time t+ τc of the next collision.
Upon colliding at time t + τc, the moving needle ac-
quires new velocities for rotation and translation which
are determined by conservation of energy, momentum,
and angular momentum. Here, we assume that the center
of mass of the moving needle coincides with its geometric
center and consider only smooth needles [74, 77], where
the momentum transfer ∆p = ∆pem is perpendicular
to the orientation of both collision partners and directed
along em = u(t+τc)×uc/|u(t+τc)×uc|. The magnitude
of the momentum transfer, ∆p, depends on the transla-
tional and rotational velocities v and ω, respectively, and
on the point of contact rcoll = ∆rpl(t + τc) with respect
to the center of the moving needle:
∆p = −2v · em + ω · (rcoll × em)1 + mI (rcoll × em)2
. (A4)
Then, the new velocities v′ and ω′ for translation and
rotation for the remaining Brownian time interval [τc, τB]
are determined by
v′ = v + ∆pem,
ω′ = ω + m
I
∆p(rcoll × em).
(A5)
The ratio of mass m and inertia I can be related to
the short-time diffusion coefficients by prohibiting an av-
erage flow of energy between the rotational and trans-
lational degrees of freedom of the moving needle. We
define pseudotemperatures Trot and T⊥ via the relations
I〈ω2〉/2 = 2kBTrot/2 and m〈v2⊥〉 = 2kBT⊥/2 and de-
termine the remaining averages as 〈ω2〉 = 4D0rot/τB and
〈r2⊥〉 = 4D0⊥/τB from the equations for the pseudoveloc-
ities [Eqs. (3)]. Then, for Trot = T⊥, the average flow of
energy at collision vanishes and we obtain
m
I
= D
0
rot
D0⊥
. (A6)
For anisotropic particles such as needles, it is possible
that the moving needle collides again with the previous
collision partner in the remaining time interval [τc, τB].
A minimal propagation time for such an event can be
estimated by considering the moving needle and the in-
tersection point of the collision partner in the new ro-
tational plane determined by ω′. Ignoring the length of
both needles, the minimal collision time τr for a repeated
collision is obtained as a solution of the transcendental
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equation
ω′τr
tan(ω′τr)
= ω′
[∆rpl(t+ τc) + v′plτr] · u(t+ τc)
v′pl · [ω′/ω′ × u(t+ τc)]
, (A7)
with the velocity of the intersection point in the rota-
tional plane −v′pl = −v′ + (ω′ · v′)uc/(ω′ · uc). By con-
sidering the series expansion for both tan(·) and cot(·),
the function on the left hand side can be estimated by the
inequality 1− (ω′τr)2/2 ≤ ω′τr/ tan(ω′τr) ≤ 1− (ω′τr)2/3
valid for times 0 ≤ ω′τr < pi/2. Hence, by solving for
two quadratic equations, we obtain a lower bound for
the minimal collision time τr and only choose ω′τr = pi/2
if the solutions are located outside of the validity of the
approximation.
To determine all possible collision candidate needles,
we enclose the moving needle in a fixed cylinder, which
is valid as long as the moving needle does not touch the
boundary. Then, all needles intersecting the cylinder be-
long to the class of collision candidates. The optimal size
of the cylinder has to be determined via the simulation
and decreases with decreasing Brownian time τB. For
liquid configurations where we move every needle subse-
quently, we consider the intersection of the correspond-
ing cylinders. This geometry-adapted neighbor list sig-
nificantly reduces the computational time in the dense
regime.
The collision detection is further supplemented by
a simple test performed on the time interval [τl, τu]
obtained after checking for both length conditions
[Eqs. (A1) and (A2)]. During time [0, τu] the needle cov-
ers two sectors of angle ωτu and we approximate the area
by two lines parallel to u(t) in the rotational plane with
minimal distance L sin(ωτu)/2 to the geometric center of
the moving needle. Then, a collision can only happen if
the intersection point traverses this area in the interval
[τl, τu].
Appendix B: Moments of the needle displacement
Since the intermediate scattering function of the geo-
metric center, F (k, t) = 〈e−ik·∆r(t)〉 [Eq. (26)], is isotropic
in the wave vector k, we average over all possible orienta-
tions of the wave vector and obtain an expression which
manifestly displays the symmetry:
F (k, t) =
〈
sin(k|∆r(t)|)
k|∆r(t)|
〉
, (B1)
with wave number k = |k|. Then, the mean-square dis-
placement MSD(t) and the mean-quartic displacement
MQD(t) of the needle center are encoded in the small-
wave-number behavior
F (k, t) = 1− k
2
3! MSD(t) +
k4
5! MQD(t) +O(k
6). (B2)
Since the full solution of the intermediate scattering func-
tion can be expressed in terms of spheroidal wave func-
tions via
F (k, t) =
∞∑
n=0
n even
2n+ 1
4
[ ∫ 1
−1
dz Ps0n(z, γ2)
]2
e−Γ
0
nt (B3)
with decay constants Γ0n = D‖k2 + Drotλ0n, we use a
time-independent perturbation theory in the wave num-
ber k, similar to Ref. [55]. We derive the dependence of
the spheroidal eigenvalue λ0n(γ2) and the spheroidal wave
function on the real parameter γ2 up to order O(γ4). For
the mean-square and the mean-quartic displacement only
n = 0 and n = 2 in the intermediate scattering function
F (k, t) [Eq. (B3)] contribute and the expansion for the
spheroidal eigenvalue λ0n reads [78]
λ0n(γ2)− n(n+ 1) =
{
− 23γ2 − 2135γ4 +O(γ6), n = 0,
− 1021γ2 + 949261γ4 +O(γ6), n = 2.
(B4)
Similarly for the integral of the spheroidal wave function
we obtain∫ 1
−1
dz Ps0n(z, γ2) =
{
2− 1405γ4 +O(γ6), n = 0,
2
45γ
2 − 42835γ4 +O(γ6), n = 2.
(B5)
Then, both moments can be obtained by comparing the
resulting expression to the small-wave number behav-
ior [Eq. (B2)].
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